Infinite Families of Recursive Formulas 
Generating Power Moments of Ternary Kloosterman Sums 
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Abstract. In this paper, we construct eight infinite families of ternary linear 
codes associated with double cosets with respect to certain maximal parabolic 
subgroup of the special orthogonal group SO~ {2n, q). Here g is a power of 
three. Then we obtain four infinite families of recursive formulas for power mo- 
ments of Kloosterman sums with square arguments and four infinite families 
of recursive formulas for even power moments of those in terms of the frequen- 
cies of weights in the codes. This is done via Pless power moment identity 
and by utilizing the explicit expressions of exponential sums over those double 
cosets related to the evaluations of "Gauss sums" for the orthogonal groups 
0-(2n,g). 

Index terms- Kloosterman sum, orthogonal group, special orthogonal group, 
double cosets, maximal parabolic subgroup, Pless power moment identity, 
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1. Introduction 

Let -0 be a nontrivial additive character of the finite field with q = elements 
{p a prime). Then the Kloosterman sum K{'ip; a) ( 13 ) is defined by 

K{iP; a) = ^ ip{a + aa-^){a G F^). 

For this, we have the Weil bound 

(1.1) \Kii^;a)\<2^. 

The Kloosterman sum was introduced in 1926([l2]) to give an estimate for the 
Fourier coefficients of modular forms. 

For each nonnegative integer h, by MK{ip)'^ we will denote the h-th moment of 
the Kloosterman sum K{'ip; a). Namely, it is given by 

li ip — \ IS the canonical additive character of F^, then MK{X)^ will be simply 
denoted by MK'\ 

Also, we introduce an incomplete power moments of Kloosterman sums. Namely, 
for every nonnegative integer h, and ip as before, we define 

(1.2) SK{^f= K{^j;ay\ 

aElF*, a square 
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which is cahcd the h-th moment of Kloosterman sums with "square arguments" . If 
ip — X is the canonical additive character of ¥q, then SK{X)^ wiU be denoted by 
SK'^, for brevity. 

Exphcit computations on power moments of Kloosterman sums were begun with 
the paper [T5] of Salie in 1931, where he showed, for any odd prime q, 

MK^ = q^Mh-i -{q- i f'^ + 2{-l)''-^ [h > 1). 
Here Mq — 0, and, for h e Z>o, 

h h 

Mu - |{(«i, • • • ,a,0 G (F;)''| Y^a^^l^Y. "7'}l- 

For q = p odd prime, Sahe obtained MK^, MK^, MK^, MK^ in (TB] by determin- 
ing Ml, M2, M3. On the other hand, MK^ can be expressed in terms of the p-th 
eigenvalue for a weight 3 newform on ro(15) (cf. [Tl], [H]). MK^ can be expressed 
in terms of the p-th eigenvalue for a weight 4 newform on ro(6) (cf. [3]). Also, 
based on numerical evidence, in [I] Evans was led to propose a conjecture which 
expresses MK'^ in terms of Hecke eigenvalues for a weight 3 newform on ro(525) 
with quartic nebentypus of conductor 105. 

Assume from now on that q ^ 3^. Recently, Moisio was able to find explicit 
expressions of MK'^, for h < 10 (cf. [in])- This was done, via Pless power mo- 
ment identity, by connecting moments of Kloosterman sums and the frequencies of 
weights in the ternary Melas code of length q — 1, which were known by the work 
of Geer, Schoof and Vlugt in [2]. In [9], we were able to produce two recursive 
formulas generating power moments of Kloosterman sums with square arguments 
and one recursive formula generating even power moments of those. To do that, we 
constructed three ternary linear codes C{SO~{2,q)), C(0"(2,g)), C{SO~ (4, q)), 
respectively associated with the orthogonal groups SO~{2, q), 0^{2, g), 5*0" (4, g), 
and express those power moments in terms of the frequencies of weights in each 
code. In [TT], the symplectic groups 5*^(2, q) and 5'p(4, q) were used instead in order 
to produce recursive formulas generating power moments and even power moments 
of Kloosterman sums with square arguments. 

In this paper, we will be able to produce four infinite families of recursive for- 
mulas generating power moments of Kloosterman sums with square arguments 
and four infinite families of recursive formulas generating even power moments 
of those. To do that, we construct eight infinite families of ternary linear codes 
C{DC^{n,q)) {n = 2,4, •••), C(Z)Cf (n, g)) {n = 1,3,---), both associated with 
Ocr„_iQ; C{DCt{n,q)) (n = 2,4, •••), (^(L'Ca" (n, g)) (n = 3,5,- ••) both asso- 
ciated with Qcr„_20; C{DCt{n,q)) (n = 2,4,---), C{DC^{n,q)) (n = 3,5,---) 
both associated with pQ(Jn-2Q\ C{DC^{n, q)) (n = 4, 6, • • • ), C{DC^{n, q)) [n — 
3, 5, • • • ) both associated with pQan-sQ, with respect to the maximal parabolic 
subgroup Q = Q{2n,q) of the special orthogonal group SO~ {2n,q), and express 
those power moments in terms of the frequencies of weights in each code. Then, 
thanks to our previous results on the explicit expressions of exponential sums over 
those double cosets related to the evaluations of "Gauss sums" for the orthogonal 
groups 0~(2n, g) [4,5], we can express the weight of each codeword in the du- 
als of the codes in terms of Kloosterman sums or squares of Kloosterman sums. 
Then our formulas will follow immediately from the Pless power moment identity. 
Analogously to these, in [S], we obtained infinite families of recursive formulas for 
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power moments of Kloosterman smns with square arguments and for even power 
moments of those by constructing ternary hnear codes associated with double cosets 
with respect to certain maximal parabolic subgroup of the special orthogonal group 
S0-{2n,q). 

Theorem O in the following (cf. (frT9| . (fL20| . (fL22)) - (fr25)) ') is the main result 
of this paper. Henceforth, we agree that, for nonnegative integers a, 6, c, 



a,bj a! 5! (c-a-6)! 



, if a + b < c, 



and 



a. b 



= 0, if a + b> c. 



To simplify notations, we introduce the following ones which will be used through- 
out this paper at various places. 



(1.3) 



_ „i(5n2-2n-4)/ n-l 



(ri-2)/2 



(1.4) 



(n-2)/2 

B+in,q)^iq+l)qi^' [] (q^^-l), 



(1.5) A+(n,(;) = 93(5n^-2„-8) 



n — 1 
1 



(n-2)/2 

1 j=i 



(n-2)/2 

(1.6) B+{n,q)^{q + l)qi^'^-'~>\q'^-' -1) [] - 1). 



(1.7) A+{n, q) = iq + l)qi(5^" -^^'») 



n- 1 
1 



(n-2)/2 

q j=i 



(1.8) 



(n-2)/2 

B+{n,q)^qi(^-'^^\q"-'-l) [] (q^'-l), 



(1.9) A+(n,q) = ((7 + l)(?3(5n^-6"-4) 



n — 1 
2 



-I (n-2)/2 

q j=i 



(1.10) 



(n-2)/2 

i34+(n,g) = g3(«-2)^(q"-i_l) [] (g^^' - 1), 



(1.11) 



(n-l)/2 

Ar(n,g)=9t("^-i) (,2.-1-1), 
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(1.12) 



(1.13) 



(1.14) 



(1.16) 



(1.18) 



(«-l)/2 

i?r(n,q) = (g+l)9^("-i)' n 



^2 {n,q) = 



n- 1 
1 



(n-l)/2 
9 j = l 



(«-l)/2 



(1.15) ^3 («,g) = ((z + l)g3(5"'-4«-5) 



n- 1 

1 



(n-l)/2 

q j=i 



(«-l)/2 



(1.17) ^4(n,g) = (<7+l)g3(5"'-4„-9) 



n- 1 
2 



-, (n-3)/2 

q j=i 



(n-3)/2 

i?4-(n,g) = g^("-3)'(g"-2-l)(g"-i-l) n (g'^-1). 

From now on, it is assumed that either +signs or —signs are chosen everywhere, 
whenever ± signs appear. 

Theorem 1.1. Let q = 3^ . Then with the notations in lll.3\) - n'.18\) . we have the 
following. 

(1) With i — 1,3, and + signs everywhere for ± signs, we have a recursive formula 
generating power moments of Kloosterman sums with square arguments over ¥q 
(of. ) for each n > 2 even and all q; with i — 1 and — signs everywhere for ± 

signs, we have such a fomula, for each n>\ odd and all q; with i = 3 and — signs 
everywhere for ± signs, we have such a formula, for each n > 3 odd and all q. 



h-l 



(1.19) 



{±{~l)fSK'^^-Y,{±{{-l))H ]Bf{n,qf-'SK 



1^0 

min{N^ {n,q).h} 

+ qAf{n,qr'^ ^ {-iyC^^{n,q) 

j=o 

^ /AT± 

X ^t\S{h,t)3'^-^2 



N^{n,q)-t 



(/i= 1,2,...), 



where nf(n,q) = \DCf{n,q)\ = Af{n,q)Bf{n,q), and {C^ (n, g)}^^,'"''^ is the 
weight distribution of the ternary linear code C{DCf{n,q)) given by 
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'q-^Af{n,q){Bt{n,q)±iq + l)) 



q-^Af{n,q){Bf{n,q) ± l)\ (q-^ Af{n,q){Bf{n,q) ± 1) 



X n 

0^ — 1^0 square 



(1.20) , , , 



g-iAf(n,g)(B±(n,g)±(-g + l)) 



X n 

/3^ — 1 nonsquare 

with the sum running over all the sets of nonnegative integers {I'/jl/jgF,, and {/U/sl/JeF,, 
satisfying 

in addition, S{h, t) is the Stirling number of the second kind defined by 

(1-21) ^(^'*) = ^E(-ir'(5)^''- 

(2) With + signs everywhere for ± signs, we have recursive formulas generating 

even power moments of Kloosterman sums with square arguments over¥q, for each 
n> 2 even and all q; with — signs everywhere for ± signs, we have such a formula, 
for each n > 3 odd and all q. 



h-l 

h 



{±lfSK'^^ = -Y,{±^f( )Bt{n,q)^-^SK^^ 

(1.22) +qAt{n,q)-'^ ^ i-iyctj{n,q) 

3=0 

xt*m.)3-2---'(|<:';j:^) «.= 1.V..), 

^ — 3 

where nf{n,q) = |Z?C^(n,g')| = Af{n,q)B2{n,q), and {C'^j('^, 9)}j^o'"'^^ 
weight distribution of the ternary linear code C{DC2{n,q)) given by 

(1.23) c^,(n,,)=En ('"^^^"''^^^^"^"'f "'"'^'"''^'''^^^^^). 

with the sum running over all the sets of nonnegative integers {I'/jl/seF, and {M,s}/3eF<, 
satisfying 

0eVg i3eVg 0eVg 0e¥g 

and 6{2,q;P) = \{{ai,a2) e F^jai + as + + = 
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(3) With + signs everywhere for ± signs, we have recursive formulas generating 
even power moments of Kloosterman sums with square arguments over ¥q, for each 
n > 4 even and all q; with — signs everywhere for ± signs, we have such a formula, 
for each n > 3 odd and all q. 



=0 



{±lfSK^'^ - - ^(±1)' " {Bfin, q)±{q^ - q)y^-'SK^' 



(1.24) 



min{N^ {n.q),h} 



Nf{n, q)~t 



where {n,q) = \DC^ {n,q)\ = {n,q)B^ {n,q), and {C_^j{n,q)}j^Q 
weight distribution of the ternary linear code C{DC^{n,q)) given by 



the 



(1.25) 



xn 



g-i q){Bt{n, q) ± (-l)(g5(2, g; /?) + (g - 1)^)) 

q-^At{n, q){Bt{n, q) ± (-l)(g5(2, q; /3) - 2q^ + 3q - 1)) 



with the sum running over all the sets of nonnegative integers {i^i3}peWg o,nd {/i^j^gp, 
satisfying 



E + E = 3, and ^ = E ^'3^' 
2. 0-{2n,q) 

For more details about this section, one is referred to the paper [4] and [5]. 
Throughout this paper, the following notations will be used: 

q = y {re Z>o), 
Fq — the finite field with q elements, 
TrA — the trace of A for a square matrix A, 
*_B = the transpose of B for any matrix B. 
The orthogonal group {2n, q) over the field Fg is defined as: 
0-{2n,q) = {w e GL{2n,q)\^wJw = J}, 

where 






1„-1 





" 


ln-1 

















1 
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and e is a fixed element in F* \ F* , here and throughout this paper. 
For convenience, we put 



(2.1) 6, = 

Then 0~ (2n, q) consists of all matrices 



1 
-e 



A B e 
C D f 
9 h i 



{A,B,C,D (n-l) X (n- l),e,/ (n - 1) x 2, 
2 X (n- 2 X 2) 



in GL{2n,q) satisfying the relations: 

'AC + 'CA + 'gS,g = 0, 
'BD + *DB + 'h6eh = 0, 
*ef + 'fe + \6,i = S,, 
*AD + *CB + 'gS,h=ln-i, 
'Af + *Ce + 'gd,t = 0, 
*B/ + *De + ^hSJ = 0. 

The special orthogonal group SO~{2n, q) over the field F, is defined as: 

S0~{2n,q) = {w G 0~{2n,q)\det w = 1}, 

which is a subgroup of index 2 in 0~ (2n, q). 
In particular, we have 

0-{2,q) = {i€GL{2,q)\HSJ = 6,} 



(2.2) 
with 



= S0-{2,q)U 



1 
-1 



S0-{2,q), 



SO-{2,q) = 



a be 

b a 

a be 

b a 



a,b€¥g, -b'^e = l 



a + be& Fg(e) with A/F,(e)/F,(a + 6e) = 1 > . 



Let P{2n, q) he the maximal parabolic subgroup of O (2n, q) given by 
P = P{2n,q) 



A 

i 



l„_i B -*h5, 
l„-i 
Q h U 



A e GL{n-l,q) 
ieO-{2,q) 
*B + B +* hSeh = 
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and let Q = Q{2n, q) be the subgroup of P{2n, q) of index 2 defined by 
Q = Q(2n,g) 



A 

i 

From (|2.2p . we see that 

(2.3) 

with 



In-l B -*hS, 

In-l 

/i I2 



p = g n pQ, 



A e G'i(n- 1,9) 
i e 50-(2,g) 
^B + BV hSeh = 



P = 



n-l 








" 



















1 














-1 



Let <7r denote the following matrix in O (2n, q) 









Ir 











1 n — 1 — r 











1, 























1 Ti — 1 — r 

















I2 



(0 < r < n - 1). 



Then the Bruhat decomposition of O {2n, q) with respect to P = P{2n, q) is given 

by 

(2.4) O- (2n, q)^Y[ P^'^P = II 

r=0 r=0 

which can further be modified as 

0'{2n,q) = Y[Par{Br\Q) 

(2.5) "^^^ 

^ ' n-l n-l 

= U \ Q) u II {pQ)MBr \ Q), 



r=0 



with 



Br = Br{q) = {w G Q{2n,q)\arW(J^ ^ E P}. 
The order of the general linear group GL{n,q) is given by 

n—1 n 
J=0 i=l 

For integers n, r with < r < n, the g-binomial coefhcients are defined as: 



^Y[iq-^-l)/iq^-^-l). 

1 3=0 

Then one can show that 

|P(2n,q)|=2(g+f)5„_iq("-l)("+2)/2, 
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(2.6) 



\Br\Q\ = 



n — 1 



f(''+3)/2(0 <r<n~l) 



(cf. [J, (3.12), (3.20), (3.21)), 



(2.7) 



\Q{2n,q)cJrQ{2n,q)\ = \pQ{2n, q)arQ{2n, q)\ 

- ^\P{2n,q)arQ{2n,q)\ 

- ^\P{2n,q)\\Br\Q{2n,q)\ 







= (94 


- 1)9"'-" n 
1=1 


-1) 


q&q'^- 
r J 1 1 

9 


Let 














(2.8) 


DC+in,q) 


= Q{2n,q)a.n~ 


iQ{2n,q), 


for 


n = 


2,4, 6,--- , 


(2.9) 


DC+(n,q) 


= Q{2n,q)an- 


2Q(2n,q), 


for 


n — 


2,4, 6,--- , 


(2.10) 


DC^{n,q) 


= pQ{2n,q)an 


-2Q{2n,q), 


for 


n — 


2,4, 6,--- , 


(2.11) 


DC+{n,q)-- 


= pQ{2n,q)(7n 


_3(3(2n,q). 


for 


n — 


4,6,8,--- , 


(2.12) 


DC^{n,q) 


= Q{2n,q)(Jn~ 


iQ{2n,q), 


for 


n = 


1, 3, 5, • • • , 


(2.13) 


DC^{n,q) 


= Q{2n,q)an- 


-2Q{2n,q), 


for 


n = 


3,5,7--- , 


(2.14) 


DC^{n,q) 


^ pQ{2n,q)an 


-2Q{2n,q), 


for 


n = 


3, 5, 7, • • • , 


(2.15) 


DC^in,q) = 


= pQ{2n,q)an 


-3Q{2n,q), 


for 


n = 


3,5,7,--- . 



Then, from (|2.7p . we have: 
2.16) Nfin,q) = \DCHn,q)\=Atin,q)Btin,q), for i = 1,2,3,4 

cf. (1131)- dnii)). 

Unless otherwise stated, from now on, we will agree that anything related to 
DC^{n,q), DC2{n,q) and DC^{n,q) are defined for n — 2,4,6, ••• , anything 
related to DC^{n, q) is defined for n = 4, 6, 8, • • • , anything related to DC^{n, q) 
is defined for n — 1, 3, 5, • • • , and anything related to DC2 {n, q), DC^{n, q), and 
DC^{n, q) are defined for n = 3, 5, 7, • • • . 

3. Exponential sums over double cosets of 0^{2n,q) 
The following notations will be employed throughout this paper. 



tr{x) ~ X + x'^ + ■ ■ ■ + X 



the trace function F„ 



Ao(a;) — e^'^*^/^ the canonical additive character of F3, 
A(a;) — g2'^»*'"(^)/3 canonical additive character of ¥q. 

Then any nontrivial additive character tp of ¥q is given by ip^x) = X{ax), for a 
unique a e F*. 



10 



DAE SAN KIM 



For any nontrivial additive character of Fg and a G F* , the Kloosterman sum 
KGL(t,q){i^To) for GL{t,q) is defined as 

wGGL{t,q) 

Notice that, for t — 1, KQi^(^iq){ip; a) denotes the Kloosterman sum K{ilj;a). 

In [5], it is shown that KQi^(^t q^{ip; a) satisfies the following recursive relation: 
for integers i > 2, a G F*, 
(3.1) 

^GL(t,9)(V';a) =g* ^KGL{t-i.q){'4';a)K{i^;a)+q^' '^{q^ ^ - l)i^GL(t-2,9)(V'; a), 
where we understand that -R'gl(o. = 1- 

Proposition 3.1. ( 4 ) Let ^ he a nontrivial additive character of¥q. For each 
positive integer r, let fl^ be the set of all r x r nonsingular symmetric matrices over 
Fg. Then, with 5^ as in we have 

hr{i!) - XI H ^iTr6,'hBh) 

_ (qr{r+6)/A J^/J^^q^^-^ _ 1), for r even, 

Proposition 3.2. (^5,) Let ip be a nontrivial additive character ofWq. Then 
(1) 



(2) 



(3) 



where 



X ^PiTrw) = -Kiij; 1), 

v£SO~{2,q) 



ip{TrSiw) = q + I, 

oeSO-(2,g) 



X ^{Trw)=-K{^j;l) + q + l (cf.^), 

iGO-(2,g) 



^51 = 



1 

-1 



Also, from Section 6 of it is shown that Gauss sum for O {2n,q), with tp a 
nontrivial additive character of F^, is given by: 

n-l 

X tp{Trw) = X X ip{Trw) 

weO-{2n,q) r=OwePar-Q 

n—1 n— 1 

r=0 w£Q<Tr.Q r=0 un^pQa^Q 
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with 



WeQUrQ 



= \Br \Q\J2 ^(Trwar) 

X \Br \ QW^''~'~^K{mGLin^l^r,q0; 1), 



^ i;{Trw) = \Br \ Q\ ^ ^P{Trpwar) 

w^pQarQ w£Q 

= q("-i)("+2)/2 V(Tr<5iz) 
ieso-{2,q) 

X IB, \ Q|g'-("-'-3)6.WKGL(n-i-..,)(V'; 1). 

Here one uses (|2.5I) and the fact that p^^wp £ Q, for all w & Q. 

Now, we see from (|2.6p and Propositions 2 and 3 that, for each r with < r < 
n — 1, 



(3.2) 



= q("-l)("+2)/2 



r 



GL(n-l-r. 



rn-^(r+lf n^LV^^'C?"'"' " 1)' ^r t odd, 



for t even, 



(3.3) 



^ 7/;(r™) - (q + l)g("-i)("+2)/2 
w£pQarQ 



n-l 
r 



KGL{n-l-r,q){'4'] 1) 



' qrn-\r^ J|^/2^(q2j-l _ foj. ^ g^^j^^ 

rij-LV^^'C?''"' - 1)' for t odd. 



For our purposes, we need the following special cases of exponential sums in p.2p 
and (|3.3p . We state them separately as a theorem. 

Theorem 3.3. Lei ip be a nontrivial additive character of¥q. Then, in the nota- 
tions of (HI), HI, (O), mi), (fTTTI) . (flJl) . (flJl) . anrf ( f7J7| ), we We 

^ 7/.(T™) =±Af(n,g)if(V';l), /orz = l,3, 

w(EDCf{n,q) 

ijiTrw) = ±(-1)^2^(71, q)K{,P; if, 

w&DC^in.q) 

J2 ^(Trw) = ±{-l)q-'Atin, q)KGLi2,qM 1) 

weDCtin,q) 

= ±i-l)At{n,q)iKit,lf + - q) 

(cf. (m-^Km>,^3J^). 
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Corollary 3.4. Let A he the canonical additive character of¥q, and let a £ 
Then we have 

^3 4^ 5Z X{aTrw) =±Af{n,q)K{\;a'^), fori = 1,3, 

weDCf{n,q) 



(3.5) 

w£DC2{n,q) 



X{aTrw) = ±{-l)A^{n, q)K{X; a^f 



(3.6) 



\{aTrw)=±{-l)Ai{7i,q){K{\;a'f + -q). 



Proposition 3.5. ([7, (5.3-5)]) Let A he the canonical additive character of Vq, 
m e Z>o, /3 e F^. Then 

(3 7) E = 9'5(m, g; /?) - (g - 1)™, 

where, for m > 1, 

(3.8) <5(m,g;/3) = |{(ai,-- - ,am) e (F;)™|ai + aj^^ + • ■ ■ + a„ + = 
and 

'l, ifP = Q, 



(5(0,g;/3) 



0, otherwise. 



(3.10) <5(2,(?;/3)< 



Remark 3.6. _ffere one notes that 

5{l,q;l3) = \{xe¥q\x^ - I3x + l = 0}\ 

loQ.\ I 2, i/ — 1 7^ is a square, 

1, »//3-±l, 

0, if 0^ — 1 is a nonsquare. 
In the following lemma, q is not just a power of 3 but a power of any prime. 
Lemma 3.7. For any (3, 

'2g-4, if char ¥q^ 2, 
2q - 3, if char ¥q = 2. 

Proof. Firstly, we show that 6(2, q; (3) < S{2, q; 0) for any {3. Observe that 

(5(2, q; 13) = |{(ai, a2) G F^|ai - a2 + a^^ - a^^ = /3}| 

Then, borrowing an idea from |19| . we have 

<5(2,g;/3)=g-i ^ A(-a/3) ^ X{a{a, + a^')) ^ A(-«(«2 + c^a"^)) 

= g-i^A(-a/3)|^A(«(x+.x~i))p 

^9"' E E |A(a(a;+^-'))|' 
= S{2,q;0). 
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Here, for any prime power q, A is the canonical additive character of Fg. 
Secondly, we show that 



(3.11) S{2,q;0) 



2q ~ 4, if char ^ 2, 
2q - 3, if char F, = 2. 

We see, by multiplying the equation + + cti^ + = by a]^a2, that 

(3.12) (5(2, q; 0) = |{(ai, aa) £ F^K^iaa + l)(ai + a^) = 0}| - 1, 
and 

(3.13) {(ai,a2) £ F^Kaiaa + l)(ai + a^) = 0} = AU B, 
with 

(3.14) A = {(ai, aa) G F^jaiaa + 1 = 0}, S ^ {(«!, aa) G F^jai + ^2 - 0}. 

Note here that |A| = g — 1, and \B\ = q. 
Further, AnB = {±(1, -1)}, so that 



(3.15) \Ar\B\ = 



5{2,q-p) 



2, if char F, ^ 2, 
1, if char F, = 2. 

From (|3?T2l) - (|3?T5ll . we get the result in (f3?TT|) . 

Remark 3.8. We have shown in [10] that, for char Fg = 2, 

'2q-3, z//3 = 0, 
^if(A;ri)+(7-3, *//3^0. 

For any integer r with < r < n — 1, and each /3 G Fg, we let 
Nq.M = \{w e Q<JrQ\Trw = /3}|, 
A^pQ..q(/3) = \{w e pQarQ\Trw = 

Then it is easy to see that 

ae¥' weQcTrQ 

Now, from ([2:8l) - (|2l6l) and (I331)-(l37]), we have the following result. 
Proposition 3.9. (1) For i = 1,3, 



N 



(„ ,^)(/3) - q-'Af{n,q)Bf{n,q)±q-'At{n,q){q5{l,q-p) - q + I) 



= q-^Af (n, q)Bf{n, q)±q-^ Af (n, q) 

{^■^^) fg + 1, if /3'^ - 1 ^ is a square, 

x|l, *//3 = ±l, 

I — g +1, if 0^ — 1 is a nonsquare. 

(2) ^Dcr („,,)(/?) 

(3.17) =(7-iA±(n,g)i?2±(n,g)±(-l)g-M±(n,g){gJ(2,(z;/3)-(<z-l)2}. 
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(3) ^Dctin^.p) = q-^At{n,q)Bi{n,q)±{-l)q-^Ai{n,q) 

.3^3. ^ f(75(2,g;/3)-2g2 + 3g-l, ifP^Q, 

\q5{2,q;l3) + q^~?,q^ + iq-\, ^//5-0. 

Here 5(2, q; (3) = |{(ai, e + ^i' + "2 + "2"' = 

Corollary 3.10. 

(1) For all even n> 2 and all q, Njj^+^^ q)^f^^ ^ f'^^ '^^'^ i = 1, 2. 

(2) For all even n> A and all q, Njj^+^^ ^ ^' f'^^ ^' f'^^ n — 2 and all q, 

^3 ^g-j 2q'^ + 2q^, if f]"^ — 1 ^ is a square, 

0, if 0^ — 1 is a nonsquare. 

(3) For all even n > A and all q, /"'^ '^^^ Z^- 

(4) For all odd n > 3 and all q, Nj^^-f^^^ g)('^) ^ ^'^^ '^'^ ''^^ f'^^ n = 1 and all q, 

„„N I 0, if P'^ — \ ^ Q is a square, 

I 2, if 0^ — \ is a nonsquare. 

(5) For aZZ odd n > 3 and aZZ ^dc^ [n q) ^P) /"'^ '^^^ ^ '^"'^ * ~ 2,3,4. 

Proof. It is tedious to check all the assertions in the statements. The details are 
left to the reader, except that we make a comment on the case of (1) with i = 2. 
We see that N^(j+^^ ^ ^' all n > 4 even and all q. In addition, 

^DC+{2,q) W ^q^{2q~2~ 5{2, q; /?)) > 0, in view of ^JO^- 

□ 



4. Construction of codes 

Here we will construct eight infinite families of ternary linear codes C{DC^ {n, q)) 
of length N^{n,q)), C{DC}{n,q)) of length N+{n,q), C{DC} {n,q))oi length 
N+{n,q), for n = 2,4,6, •• • and all q; C{DC^{n,q)) of length N+{n,q), for n = 
4, 6, 8, • • • and all q; C{DCi {n, q)) of length N^{n, q), for n — 1, 3, 5, • • • and all q;, 
C{DC2{n,q)) oflength N2{n,q), C(DC^{n,q)) of length iV3-(n, g), C{DC^[n,q)) 
of length {n, q), for n = 3, 5, 7, • • • and all g, respectively associated with the dou- 
ble cosets Dentin, q), DC:^{n,q), DC^(n,q), DCt{n,q), DC^(n,q), DC:^(n,q), 
DC^{n,q), DC^(n,q) (cf. ([^- (|2.15p ). Let 51,^2, •• • ,5jv±(n,g) some fixed or- 
derings of the elements in DCf{n, q), for z = 1, 2, 3, 4, by abuse of notations. Then 
we put 

vf{n,q) = {Trgi,Trg2, ■ ■ ■ ,Trg^±^^^^^) G Fq' ^"'"'^ for i = 1,2,3,4. 
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The ternary codes C{DC^{n,q)), C{DCt{n,q)), C{DC^{n,q)), C{DCt{n,q)), 
C{DC^{n,q)),C{DC^{n,q)), C{DC^ [n.q)), and C{DCl{n,q)) are defined as: 

(4.1) C{DCf{n,q))^{uC,¥q^^'''''\u-vf{n,q)^Q}, for z = 1, 2, 3, 4, 

jVr^ (n q) 

where the dot denotes respectively the usual inner product in Fg ' ' , for i = 
1,2,3,4. 

Tlie following theorem of Delsarte is well-known. 
Theorem 4.1. ([TS]) Let B be a linear code over¥q. Then 

{B\^,)^=tr{B^). 

In view of this theorem, the respective duals of the codes in (|4.1|) are given by: 
(4.2) 

C{DCf{n,q))^ ^{cf{a)^cf{a-n,q) - (tr(aTr5i), • • • , ir(aTr5^±(„^^)))|a £ F J, 
for i = 1,2,3,4. 

Lemma 4.2. Let 5{m, q; (3) he as in {23), and let a G F*. Then we have 
(4.3) ^("^' 95 = ^(^' 

Proof. The LHS of gSJ is equal to 

H^'i'^ Yl Y Ka{xi + ■ ■ ■ + + x^^ + ■ ■ ■ + x;^ - p)))\{aP) 

= q^^ ^ A(a(xi + --- + a;™+a;r^ + --- + a:-i)) ^ A(/3(a-a)) 

= ^ A(a(a;i H ^ x„i + x'^^ ^ ^2:„^)) 

= X/ H hXm+a^Xj^^H l-a^a;^^) 

= i^(A;a2)". 

□ 

Theorem 4.3. (1) The map C{DCf {n,q))^{a ^ c+(a)) ( for i = 1,2,3) is 

an ¥^-linear isomorphism for n > 2 even and all q. 

(2) The map ¥q — > C{DC^{n,q))^{a i— > c^(a)) is an W^-linear isomorphism for 
n > A even and all q. 

(3) The map ¥q C{DC^ {n,q))^{a i— > c^(a)) is an W^-linear isomorphism for 
n > 1 odd and all q. 

(4) The map ¥q C{DC^ {n,q))^{a i— > c^(a)) ( for i — 2, 3,4j is an W^-linear 
isomorphism for n > 3 odd and all q. 



Proof. All maps are clearly Fa-linear and surjective. Let for t be in the kernel of 
map ¥q C{DCt{n, q))^{a ^^ cl{a)). Then tr{aTrg) = 0, for all g G DCt{n, q). 
Since, by Corollarv l3.10r i). Tr : DC^{n,q) ¥q is surjective, and hence tr{aa) = 
0, for all a G F^. This implies that a = 0, since otherwise tr : Fq ^ F3 would be 
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the zero map. This shows i ^ 1 case of (1). All the other assertions can be handled 
in the same way, except for i = 3 and n = 2 case of (1) and n — 1 case of (3). 

Assume first that we are in the i = 3 and n = 2 case of (1). Let a be in the 
kernel of the map F, C{DC^ {2,q))^{a ^ 4{a)) . Then tr[aTrg) = 0, for all 
g E DC^{2, q). Suppose that a ^ 0. Then we would have 

q^{q^-l)^\DC+{2,q)\^ ^ e^"t-(-T-a)/3 

geDC+(2,q) 

= E^i^C3+(2,,)(/3)Ma/?) 

= q^q + l)Y^ 5(1, q; /3)A(a/3) (c/.dSUl)) 

= q^iq+l)K{X;a^) (c/.gSH). 

So, using Weil bound in we would get 

q-l = KiX;a^)<2^. 

For q > 9, this is impossible, since x — 1 > 2y/x, for a; > 9. So the map ¥q 
C{DC^ {2,q))-^{a i-^ cj^(a)) is an F3 -linear isomorphism if g > 9. This is also 
true for g = 3. Indeed, if a is in the kernel of the map, then aTrg — 0, for all 
g £ DC^{2, 3). Here Trg = 1 for a half of elements g £ DC^{2, 3), and Trg = -1, 
for the other half of elements g G DC^{2,3){ci. dSH])). So a = 0. Assume 
next that we arc in the n = 1 case of (3). Let a be in the kernel of the map 
¥g C{DCj;{l,q))^{a ^ Ci{a)). Then tr{aTrg) = 0, for all g e L>Cf 
Assume that a 7^ 0. Then, again using Weil bound, we would have 

9+ 1 = iDCf (l,g)| = ^ g2^»tr(aTrg)/3 
geDC-(l,q) 

/3GF, 

= Y,{2-5{l,q;p))\{ap) (c/.dSSOJ) 

/3eF, 

= - ^ <5(l,(?;/3)A(a/?) 63) 

/3eF, 

= -if(A;a2) 

So we would get 5=1, which is impossible. □ 

5. Recursive formulas for power moments of Kloosterman sums 

Here we will be able to find, via Pless power moment identity, infinite families 
of recursive formulas generating power moments of Kloosterman sums with square 
arguments and even power moments of those in terms of the frequencies of weights 
in C{DCf{n,q)), for i = 1,3 and in C{DCf{n,q)), for i = 2,4, respectively. 

Theorem 5.1. (Pless power moment identity, |15j ) Let B he an q-ary [n,k]code, 
and let Bi{resp. B:^) denote the number of codewords of weight i in B (resp. in 
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B^). Then, for h = 0,1,2, ■■■ , 



min 



{nM} 



(5.1) E-?''^^= E {-iyB^Y.*is{h,t)q'-'{q-ir^ 

j=0 j=0 t=j 

where S{h,t) is the Stirling number of the second kind defined in \1.21\) 



n — J 
n~t)' 



Lemma 5.2. Letcf{a) = {tr{aTrgi),- ■ ■ MaTrg^^if^^^^^)) G C{DCf{n,q))^ , for 
a G F*, and i — 1,2, 3, 4. Then their Hamming weights are expressed as follows: 

(1) w{cf{a)) 

(5.2) = '^Atin,q){Btin,q)±i~l)KiX;a^)}, fort = 1,3, 

(2) w{ct{a)) 

(5.3) = ^At{n,q){Bt{n,q)±K{X;a')'}, 

(3) n^iciia)) 
2 
3 



(5.4) = -A^{n,q){Bt{n,q)±{q' ~ q + K{\;aY)} (c/.(123) - M). 



Proof. 

wicfia)) = J2 (1 - ^ E Mc'triaTrg,))) 



3 

j=l aeWs 

= Ntin,q)-^Y. E A(aaTrw) 

= ^7Y±(n,g)-i ^ ^ A(aaT™), for i = 1,2,3,4. 

Our results now follow from ([^1^ and ((13)- (01]). □ 

Let M = {ui,--- ,Ujv*(ni3)) ^ ^s'' for i = 1,2,3,4, with I's and /i^ 

2's in the coordinate places where Tr{gj) = (3, for each /? e F^. Then, from the 
definition of the codes C{DCf{n,q)){ci. gH])), we see that u is a codeword with 
weight j if and only if Y.ii&, + Y.fi&^ l^P = J and E/3eF, '^/S/? = E;3gf, A^/S/? 
(an identity in F,). As there are n,3GF, (^o<^f ^'^^) many such codewords with 
weight j, we obtain the following result. 

Proposition 5.3. Let {Cf;j{n, <z)}^o^"'^^ weight distribution of C{DCf{n, q)), 

for i = 1,2, 3, 4. Then we have 

(5.5) 

CUn,q)=Y. n /orO<j<iVf(n,g), a«d * = 1, 2, 3, 4, 



/3GF, 



1^13, IJ- 13 



where the sum is over all the sets of nonnegative integers {I'pypew md {fipy^^w 
satisfying 

E '^'^ + E = j, and ^vp(3= ^ /i/3/3. 

/3eF, /3GF, /3eF, /3GF, 
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The formulas appearing in the next theorem and stated in il.20\) . il.23\} . and il.25\) 
follow by applying the formula in Ii5.5\) to each C{DC^{n,q)), using the explicit 
values 0/A^i5C±(n,g)(/^) IKM-IKM. 

Theorem 5.4. Let {Cf^{n,q)}^^Q^''''' be the weight distribution of C{DC^{n,q)), 

for i — \,2^ 3, 4. Then we have 

(1) For j = 1,3, and j = 0, • • • ,N^{n,q), 

C± in q) = V (l~'^ti^^l)iBt{n,q)±l)\ fq-'Af{n,q){Bf{n,q)±l) 



X 



n 

jS'^ — l^O square 

X n 

(3^ — 1 nonsquare 



q-^Afin,q){Bt{n,q)±iq + l)) 
q~^Af{n,q){Bf{n,q)±{-q + l)) 



where the sum is over all the sets of nonnegative integers {i^p}i3e¥g md {/^/3}/3eF, 
satisfying 

(2) For]^{),---,N^{n,q), 

C^(nq)^yT\ h''At{n,q){B^{n,q)±{{q-lf~q5{2,q-m\ 

where the sum is over all the sets of nonnegative integers {i^^j^gf,, and {/x^j^gf^ 
satisfying 

/9eF, /3eF, /3eF, /5eF, 

(3) Forj^O,--- ,iV±(n,g), 

V'^J('^,9)(stKg)±(-l)(g5(2,(7;/3) - 2q^ + 3g- 1))^ 



where the sum is over all the sets of nonnegative integers {j^/jI/Sgf, o.'rid {/i^j^gf, 
satisfying 

^^13+^ 1^13= h and ^ vp(3 ^ ^ 

/9eF, /36F, /3eF, /5eF, 

Now, we apply the Pless power moment identity in (|5.1[) to C{DCf{n,q)), for 
i = l,2, 3, 4, in order to get the results in Theorem l(cf. (fTTQl) . (HHO]), ((02)) - (|ir25l) ) 
about recursive formulas. 

The left hand side of that identity in (|5.ip is equal to 



aeF* 
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with w{cf{a)) given by (f01) - (|01) . We have, for i = 1, 3, 



(5.6) 



1=0 



Similarly, we have 

(5.7) Mc2^(«))" = 2{^fAt{n,qfY.^{±l))'(^\Bt{n,qf-'SK^\ 

(5.8) 

^ «.(c±(a))'' = 2{lfAt{n^qfj^{±iy(%Bt{n,q)±{q^ - q)}^-^SK^K 

Here one has to separate the term corresponding to I = h in (|5.6p - (|5.8[) . and notes 
diTOF3C(i:»Cf (n,g))^ = r 
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